Quantum group is one of the most interesting subjects of investigation in recent years. Quantum groups, or exactly speaking, quantum deformation of universal enveloping algebras, is one parameter q deformation of Lie algebras which preserves the structure of a Hopf algebra and reduces to standard Lie algebra in the special limit of q ->1 (classical limit). Originally, quantum groups have emerged in the context of the quarttum Yang-Baxter equation and the quantum inverse scattering method. 1
)-3)
Quantum group is indeed a hidden symmetry in contrast to gauge symmetry which is a direct one and it appears in several physical applications; Wilson lines of the 3-d Chern-Simons theory,4) the rational conformal field theory5) and XXZ spin chain mode1. 6 )
The Virasoro algebra is an infinite dimensional Lie algebra and plays important roles in physics, and so we can expect new aspects of physical applications of quantum groups through a q-deformatio!l of the Virasoro algebra (q-Virasoro algebra). Therefore it is interesting and important to examine a q-Virasoro algebra. However the investigation of a q-Virasoro algebra has just started recently.7)-16) A deformation of the center less Virasoro algebra was first obtained by Curtright and Zachos 7 ) (which we call CZ algebra in this paper). This deformation seems to be natural except for the absence of the structure of a standard Hopf algebra,Il) because it includes the quantum algebra slq(2) as a sub algebra, and is realized by a single qdeformed oscillatorS) (q-oscillator) and q-deformed operator product expansion 9 ) (q-OPE). The attempt to construct the central extension of the q-Virasoro algebra has been done in Ref. 14) using the Jacobi identity, however the central charge can be removed by the redefinition of the zero mode generator.
In order to find a physical meaning of the q-Virasoro algebra, we should examine various properties of the algebra. Similar to the case of Virasoro algebra, it can be expected that q-Virasoro algebra leads to a particular integrable system~ Then it was suggested that a differential-difference equation can be derived from the CZ algebra. 13 ),15) However, we have not had much understanding of this question. Therefore it is an interesting problem to examine the relation of the CZ algebra to a discretized integrable system.
In this paper, we investigate some realizations of the CZ algebra discussing some relations of the algebra to integrable theories. This paper is organized as follows. In § 2, we make a brief review of the CZ algebra. The central extension is presented in § 3. A new method to derive the central term is also shown. Section 4 is concerned with the q-OPE up to regular terms. Some new remarks on the q-OPE are contained. In § 5, we discuss the relation between our q-Virasoro structure and the Volterra equation. In § 6, we illustrate an infinite q-oscillator's realization of CZ algebra in a deformed Poisson bracket formalism. Section 7 consists of conclusions and discussion. § 2. CZ algebra A q-deformation of the Virasoro algebra is obtained by generalizing the algebra SUq (l, 1) which is a deformation of the universal enveloping algebra of SU(l, 1) since SU(l, 1) is a subalgebra of the Virasoro algebra. However only two generalizations of it to q-Virasoro algebra have been achieved. 7
). 16) One is the CZ algebra which is a natural generalization of Woronowicz'sI7) and Witten's 4) second deformation of SU (l,l) . Another generalization is discussed in Ref. 16 ). However, strictly speaking, it does not correspond to the so-called q-deformation because infinitely many generators which reduce to the same generators in the non-deformed version in the limit q-> 1 are present.
CZ algebra is a deformed commutator algebra, 
The q-Jacobi identity (iv) is presented in Ref. 14) and in the case of CZ algebra, it becomes 20) ). Thus it is natural to satisfy the associativity. Finally, let us mention the transformation of CZ algebra into a commutator algebra. 14 ) Defining a new set of generators In(q) and 5 as
and using the relation
one gets the following commutation relation:
This algebra is well-defined if In satisfies the following constraint:
In(q) has also the same realization as Eq. (2 '4)
The centred Virasoro algebra is a very important symmetry in conformal fieid, string and soliton theories. Although we do not yet know what physical content exists in q-Virasoro algebra, it may be important to examine the central extension of CZ algebra.
Before performing the central extension, one remark is necessary. In q=l case, we should keep the associativity condition, i.e., Jacobi identity when central extension is made. Similarly in the q-deformed case, we should respect Eq. (2'3), which is the H. Sato associativity condition, when a central term exists. In other words, any extension which disturbs the associativity condition is prohibited .
. Let us try to find the central extension of CZ algebra in the form
Introducing the operator S which satisfies Eq. (2: 8) and assuming
the· braid Jacobi constraint or q-Jacobi identity for Eq. (3 ·1) leads to
The general solution of Eqs. (3·2) and (3·3) is
where Cl and C2 are arbitrary constants. If we choose C1 and C2 to be
where
. The classical limits of the above q-deformed algebras give the standard form N ow let us discuss another derivation of the central extension of CZ algebra. It can be understood as a translation of bilinear form on a plane of the contraint equation. In order to see this, let us introduce a parametric representation of the constraint. Equation (2·3) is rewritten as where 
o=[n-m][n+m-l]q-l+[m-l][m+ l-n]q-n+[l-n][l +n-m]q-m ,
and for a level n generator X n , (XnXm)q=qm-nXnXm. 535 (3) (4) (5) (6) (7) (8) Equation (3-7) can be interpreted as a kind of hyperplane in the space spanned by the four-dimensional bases (for fixed n, m and 1) (3·9) So let us suppose the four elements of Eq. (3·9) to be four variables {Xo, Xl, X2, X3} for a while. In this sense we use the symbol~ instead of the sign of equality. Identifying the direction Ln+m+l to be Xo, one can express the plane by two parameters (in general, level zero generators) sand t as
where €=q_q-l. The choice of parameters (s, t) may be considered the choice of a representation. For example, when s=O and t=q-2S, Eq. (3·10) becomes
This is nothing but the q-bosonic representation 8 ),14) (it can be easily checked by the use of Eq. (2'4)). Therefore it can be considered that the expressions, in which the parameters do not appear, are independent of a representation. For example, using Eq. (3'10), it is easy to see that the q-Jacobi identity (2'2) holds independently of the (s, t) representation. Now we can see the central extension of CZalgebra as a translation of the parametric representation. It is useful to adopt the parametrization such that the constraint of Eq. (2'3) is taken into account automatically. The insertion of the translated form (3'11) into the q-Jacobi identity gives the following recurrence equation:
where d(n, m) is assumed to be anti symmetric in nand m because a symmetric part of d(n, m) does not contribute to C(n, m). Equation (3 ·12) is just the same as Eq. (3·3) and we obtain the solution . It is well known that the energy-momentum tensor in two-dimensional conformal field theory is the operator representation of the Virasoro algebra.
)
In fact, the 
where f 0 stands for the contour integration around origin.
It would be natural to expect that similar formulas hold for the q-Virasoro algebra. Therefore in the following we will define q-analogues of the energymomentum tensor components and their OPE. A natural definition of the energymomentum tensor would be
The (p, q)-commutator of q-Virasoro generators should be given by
where f p represents integration around poles of the q-OPE. In order to find suitable q-OPE which gives the q-Virasoro algebra of Eq. (3·6a), we need the following qanalogues of the derivative and the binomial,
We can easily guess that the main terms of Eq. (4·6) are given by
It is convenient for calculations of these integrals to use the following formulae:
where {Zn}={Zqklk= n-2i, 0::;;: i::;;: n}. The former is the q-analogue of Cauchy's integral and the latter is that of integration by parts. The integrals I, J and K are
The
combination, which becomes [n-m]L n+m, is not 2I+J but (qm+l+ q-m-l)I+J
depending on the index m, however the coefficents (qm+l + q-m-l) can be absorbed into the integrand of I by rescaling W as 
_I-lad i d n+l m+l_1_( T(wq-l) + T(wq) )

m o p z-w zq-wq zq -wq
Therefore q-OPE in the centerless case is given by 
T(zq)T(w q -1 )=_I_( T(W q -
T( )T( -1)_ -4S 1 [wow] 2 c zq wq -q w2 [2wo w ] w (z-W)q4
+_1_( T(w q -} + ~(Wq) )+-I_a T(w)+re . z-w zq-wq
T(Wq )T(Zq-I)=_I_( T(Zq-
1
+ T(zq) )+_1_0 T(z)+reg. (4.15) w-z wq-zq 1 wq I-zq w-z q , the q-Taylor expansion gives (w-z)(wq-uq I) T(wq)
Substituting these expressions into the r.h.s. of Eq. (4 ·15 
Jz w-z (4·18)
T4(z) is a q-analogue of the regularized square of the energy-momentum tensor which is important in Zamolodchikov's Wa algebra and higher spin conserved currents of off-critical conformal field theories.
)
In order to estimate the integral of Eq. (4 ·18), an explicit expression of the regular terms is needed. It is obtained by the subtractions of the singular terms from T(zq)T(wq-I). After some calculations, we get In this section, we discuss the relation of our q-deformed algebra to a discretization of the Korteweg-de Vries (KdV) equation, i.e., the Volterra Poisson bracket relations,
Equations (5 ·la) and (5 ·lc) are related to the first and the second hamiltonian structures of the Volterra equation which is known as an integrable system.
It is convenient to introduce the decomposition of Sn into two classical fields Un (1) and U)2l, which satisfies the following Poisson brackets: 25 )
These Poisson brackets form a closed algeb.ra and the proof is contained in Ref. 25) . Then, recombining Un (1) and Un (2) and introducing a new field Vn, we find the following Poisson bracket relation: is satisfied. In order to discuss the relation of q-Virasoro algebra to the above Poisson bracket relation, we should define a Hermitian field
The commutation relation of Tn can be easily obtained using the q-bosonic expression
Multiplying by exp( -inx -imy) from the right side and summing over the indices n and m, Eq. (5· 10) becomes
where y is 1/2sin(E/2). Comparing Eq. (5·11) to the classical bracket relation (5·4), we discretize the above equation and reduce it into a classical relation without changing the value of q. First, we naively discretize by putting vex + aE) and o(x+aE-Y) into Vn+a and On+a,m on both sides of Eq. (5·11), (5 
and here we should take into account the exchange relations such as Eqs. (2·3) and (2·8). Next, we reduce Eq: (5 ·12) into a classical Poisson bracket. For the purpose of completely performing the reduction, we need a classical version of the exchanging relations which is derived from the Jacobi identity. We present here a particularly simple solution of the Jacobi identity
It is obvious that 5 is a nonlocal operator even in the limit q=l
where s(x) is a continuum limit of Sn. Inserting Eq. In this section, we discuss a deformation of the centerless Virasoro algebra from a different viewpoint, i.e., an infinite set of q-oscillators. Before considering the qdeformation, we briefly review the non-deformed centerless Virasoro algebra in the Poisson bracket formalism:
The Virasoro generators are given by the following infinite sum of the bilinear form of oscillator's:21)
The Poisson braket of two functions F and C of independent variables ak and a-k is (6 0 3) where the bracket of the oscillators is normalized as (6°4)
In this representation, Eq. (6 °1) can be obtained using the decomposition rule of the Poisson bracket (605) and Eq. (6 0 4). Now let us consider the q-deformed case and the following infinite sum of q-oscillator iik(q):
It is natural to consider the following deformation of Poisson bracket corresponding to the (p, q )-commutator,
where /(k) is the normalization of the bracket of two oscillators with the choice
In this section, we have only considered a classical realization (Poisson bracket approach) of the algebra. We should pursue the realization including an ordering problem on the quantum level, however it is an open question. § 7. Conclusions and discussion
In this paper, we have presented the central extension of the CZ algebra and discussed realizations by q-KdV current, operator product expansion and infinite classical oscillators. We found some characteristic features of the CZ algebra in the first part of the paper. First of all, the condition of associativity Eq. (2·3) or (2 ·14) is crucial to de,termine the central extension. Indeed, the arguments of Ref. 14) led to the trivial center [2n] for want of the contributions from the constraint of associativity. Taking into account the contributions as was discussed in § 3, we have obtained the non-trivial form of Eq. (3·7) that reduces to the standard centred Virasoro algebra in the classical limit.
The latter half of this paper was devoted to various realizations of the CZ algebra. Needless to say, it is important to examine the realization of the algebra for the purpose of finding physical meanings of the algebra. In § 5, we considered the current constructed from the Fourier modes which satisfy a centerless q-Virasoro algebra and derived the Poisson bracket of the Volterra equation. In § 6, we have considered an infinite q-oscillators relalization of CZ algebra in the context of the deformation of Poisson bracket. However we have not yet obtained an identity such as (deformed) Jacobi identity. Moreover, we should extend the realization to the quantum level.
We have investigated the CZ algebra from the viewpoints of the central extension, OPE, q-KdV equation and the infinite oscillators realization. The realization by matrices and the highest weight representation of CZ algebra was also examined in Ref. 12) . It is also an interesting problem to speculate on the generalization of string theories. We should study the CZ algebra standing on various points to search for the application to physical arguments and understand what are the criteria of the 'quantization' of the Virasoro algebra. 
where D(z, w) is a differential operator which will be determined later. 
